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EFFECT OF CENTRIFUGAL FORC!I ON THE ELASTIC CURVE
OF A VIBRATING CANTILEVER BEAM

By SCOTT H. SIMPKINSON, LAUREL J. EATEERTON, and MORTOIS B. MILLEXSON

SUMMARY

A dudy was made to detmnine the e$eet of rotation on the
dynambh?sa distribution in rnbraii~ cantilever beams. The
result8 of a mathematical analysis are presented together with
experimental results obtained by means of stroboscopic photo-
graphs and strain gages. % theoretical analysis waa con-
fined to uniform cantilewr beams; tb eqerimentd work was
ez-tendedto include a tapered cantilever beam to simulate an
aircra~ propeller bfude. Calculations were m~e on a non-
dimensional ba.mkfor second- and third-mode uibration; the
experiments were conducted on beams of various lengths, mate-
rials, and cross sectiom for second-mode uibration. From this
ince-stigationd was concludedthat high uibratory-sti-es.spositions
are unaffected by the addition oj centri~ugalforce. iVonrotating
vibration surwys of blades therefore are ualuable in predicting
high vibratory-stress locations under operaiing conditions.

INTRODUCTION

Resonant vibration causes many of the faihzres encountered
in aircraft propelIer blades and in currently used high-speed
compressor and turbine blades. The high streeses that cause
these failures are brought about by the coincidence of one of
the exciting forces present with one of the natural frequencies
of the blade. Considerable progress has been made on the
study of resonant vibration with the introduction of strain
gages for measuring stress in rotating parts. This method
of measuring vibratory stress in propeller blades has become
the standard procedure for determining safe engine-propeller
combinations. The results obtained in this manner, how-
ever, have sometimes proved unsatisfactory because mis-
leading data have resulted from the improper location of the
strain gages. Many propeller-blade fatigue failures have
occurred ort endurance test stands although the engine
propeller cornbinaticih had been pronounced safe on the basis
of resul$ obtained ”with”strain-gage vibration surveys. Such
faihmia mdic~te zi need foi”a better rne#od of locating strain
gages on p~opeller blades. The strain g~es can be properly
located if the location of the high vibratory-stress positions
can be determined.

The addition of centrifugal force causes a considerable
change in the natural frequenci~ of a propeIIer blade.
Reference 1 states and theoretical calculations in reference
2 imply that centrifugal force also changes the mode shapes
and high-stress positions of a vibrating blade. British
investigators (Morris and Head, and Piper) maintain,

00538e-504s

however, that centrifugal force haa little or no effect on.
mode shape. If this opinion is correct, a static (nonrotating)
vibration survey of a blade would result in the location of
the high-stress positions for the various natural modes of
vibration. Furthermore, only one static survey would be
neceswu-y for a particular type of blade, because geomet.ri-
oalIy simdar blades have the same mode ahapes and would
therefore have geometrically sirn.ihw high-atrw~ positions.

In an effort to improve the checking of engine-propelIer
combinations and to provide a means of predicting vibration
trouble in high-speed turbines and campressom, an instigat-
ion was conducted at the NACA Cleveland laboratory
during 1945 and 1946 to determine the effect of centrifugal
force on the mode shape and the stress distribution of a
rotating blade vibrating at resonance.

The vibration of uniform beams in a centrifug~-force
field -was mathematically investigated employing a numerical
method given by Mykledad (reference 3) for the determkw _._
tion of natnd frequencies and mode shapes of such beams.
The problem was experimentally studied by subjecth~ “”
beams of various lengths and materials to rotational speeds
up to 1015 rpm whale vibrating in second mode. In addition
to beams of uniform cross section, a beam of varying crosi
section, made to simulate a propeIIer blade, was also studied.
Mode shapes were obtained from photographa taken using
a stroboscopic light source and st-rewdistribution curves
were obtained with strain gages. The results of the strain-
gage data taken on the tapered beam (nonrotating)--were
compared with similar data obtained on a propelIer blade to
determine the similarity in properties of the tapered beam
and of a propelIer blade.

--
MATHEMATICAL PROCEDURE AND RESULTS

A convenient method of determining g frequencies and
mode shapes of rotating beams, such as propeIler blades,
helicopter rotors, and turbine blades, is given in reference 3..,
This method involves substituting a series of point m-asses
and massless s~rings for the beam. The point masses are
so selected that the mass distribution of the substitute
system represents an approximation of the mass distribution
of the actual beam. SimiIarly, the springs are selegted to
represent an approximation of the ehstic distribution of the
beam. &ydar and linear deflections of each substitute
spring, under the intluence of unit loading and unit momentl--
are used as influence coefficients in the calculation. The
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method of calculation is analogous to the more commonly
known Holzer method of analyzing torsionaI vibrations but
is somewhat more complicated, particularly When the
effect of centrifugal force is introduced. The calculation is
made by assuming a natural frequency ancl computing the
angular and linear deflections, point by point, proceeding
from the free end of the beam to the fixed end. The assumred
frequency is an actual natural frequency if the calculated
deflections meet the end conditions at the fixed end. With
ekilI, the correct frequency can be determined after two or
three calculations.

* Oiafonce from fi=a’ & percenf

FIGUREL-Corrrporlson of cslcrrlsted second-mode deftectton eumes for norrrotatfng uniform
cantilever beem.

Although this method representa an approximation of
actual conditions, the accuracy of the resulting values is
limited only by the number of mass-spring sets used in
approximating the beam. All the calculations for this
investigation vm.re made using 10 equal concentrated
masses located at the midpoints of 10 equaI sections of the
beam. The accuracy of this approximation is shown in
figure 1 Where the second-mode deffe.otion curves, calculated
by the MykeM.ad method (reference 3) and by solution of
the theoretical equation based on simple-beam theory given
in reference 4, are plotted for a nonrotating uniform canti-

D)sfance frcm fixed ed, ,oercen*

FIGCRE2—Efleetof mntrhgsl forw on Semnd-mrde deflection curve of unfform eant!lever
besm

lever beam, The Mykelstad method for this degree of
approximation accurately determines the critical locations
of the deflection curves; rmrnely, the nodes, the antinodes,
and the inflection points. Relative amplitudes, hoviev”ti,
am somewhat in error.

A plot of the Myklestad calculation for a uniform canti-
lever beam vibrating in second mode, while rotating at a
speed such that the ratio of angular velocity (radians/see)
to natural angular frequency (radians/see) w/p is 0.292, is

shown in figure 2. A deflection curve of a cant ilevur beam
with no rotation, as cah-ulatcd from the thcorcticnl cqufif ion
of reference 4, is plotted on the same figure. I?igurc 3 sholvs
the same type. of plot for third-mode vibration. The
M@Iestad calculation for this figure was m~dc With
a/p=O, 160. The two ratios, 0.292(&2) and O.1(30 (fig, 3),
represent angular velocities approximately 100 percent tllmvc
the rottitive speeds encountered in operation and m’rc se-
lected to emphasize any effect rotation might hflvc on the
location of critics] points in the defk!tion CUI’VCS.

Figure 2 indicates that no shift of criticaI points occurs
because of rotation. The small shift in rmtinoclc positions
in figure 3 is at t.ribgted to b@licicnt mass-spring combinat-
ions. for accuracy at this higbcr mode of vibration.

FIGURE.l—Effsct of centrifuge.1forw on third-mode dcflcctIon curve of unfform cantlhwor
bssm.

APPARATUS AND PROCEDURE

The experimental data were obtained Wit.h the a~]ptirntus
shosvn in figure 4, vrhich included instruments for rmordhg
deflection, angulm velocity, and vibration frcqumcy. The

FIGUREL–setup for tokfng st;oboswptc photographs of rotst[ng besrn.

setup providecl a means of sindtancously vibrating and
rotating ti”beam. A photoelectric tube, which actuated a
stroboscope, WtlS used to ‘{stop” the. beam for photographing
the vibration during rotation. WKlte dots Were painted on
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the beam to facilitate photographing and measuring. The
photoelectric-tube signal was dso recorded on an oscillo-
graph for use m a revolution counter. The signal from a
vibration pickup located on the bedplat e was impressed on
another channel of the oscillograph as a simultaneous fre-
quency counter. Strain gages, located as shown in figure 5,
vrere used to obtain vibratory stressdistribution data.

S@-ring ossemb/y ---,
‘. ,.

‘.
‘. ,--- TOoscil[ograph

..-c~.,..
,“ ‘--- Cw7tilever beom ‘h’

!L,---- Wbrwtion excifer

1

FIGcwi 5.-DIsgrsmmstic sketch of setup for messnring tiratory stress alrmg cantilever
beam that Issimultaneously rotating and vibratfng.

Three diflerent beams were used in the experiment. The
first beam was of Iow-csrbon steel with a cross section of
1 by MBinch and had a free length of 17%6 inches. The
beam was mounted as a cantilever w-ith the fi~ed end at
the center of rotation. Various speeds from O to 1015 rpm
were set with the variable-speed driving unit. The speecI of
the exciter was set for resonant second-mode vibration at
each of the rotational speeds. A 30-second tilm exposure
vras made at. each sped and records of the angular velocity
and vibration frequency were obtained. The runs were
then repeated with the beam enclosed in a transparent
plastic box (fig. 6) to ehninate any effect of aerodymrnic

FIGCEE6.-Cantilerer beam endored fn Plsstlc box h elfminat~ rotational aemrfwsmic
damp[ng effect.

damping that might accompany combined rotation and
vibration.

Strain gages vrere cemented to the top of the betim. The
lead wires -ivere cemented to the top of the beam and run to
a slip-ring assembIy having 13 channels. The signals from ._ _
the strain gages were impressed on a multichannel oscil-
Iograph capabIe of simultaneously recording 12 stresses.

Records of the vibratory stress were obtained at speeds of
O, 536, and 1015 rpm at second-mode resonance.

The second beam -was of soft brass -with a cross e+ction of
1 by X inch and had a free length of 20 inches. Deflection
photographs vmre taken of this beam at various angular
velocities ranging from O to 998 rpm.

The third beam was of low-carbon steel with a cross section
that varied uniforndy from 1 by % inch at the fi.ed end to
I by %4inch at the free end. The free Iength of this tapered
cantilever beam is 17% inches. The same type of frequency
and mode-shape data was obtained for the tapered beam as
for the uniform stPel beam.

In order to obtain more complete data on the tapered
beam, 18 strain gages were used. Because only 12 gage
signals could be recorded at one time, the gages vrere vrired
into two groups of 12 gages each, the centraI 6 gages being
common to both sets. One record of each set was taken
at each test point. The data from the six co~on gages
-were used to correct for small changes in amplitude between
readings.

A hollow steel propeller bIade wss so mounted as t; be
supported in the same manner as in an actual propeller hub.
Strain gages vwre mounted on the camber side along the
maximum camber Iine. Simultaneous records of bending
stress along the blade Were obtained with the propeIIer bIade
subjected to nonrotating second-mode tibrat ion.

EXPERIMENTAL RESULTS

Photographs of the uniform cantilever steel beam, vibrat-
ing in second mode and rotating at speeds of 1015, 536, and
O rpm, are shown in figure 7. Measurements vmre made

,---- “., . . . ..

. .._

(Q) Rotational speed, 1016rpm; frequency, S7.9cycles per second.
(b) R&atkmal speed, 536rpm; frequency, 44.7 eycks per second.

(c) Rotational speed, Orpm; frequency, S6.6 WC1= per seeond.

FIGW! ?.-strobwmpic photographs of uuffrmn eanttlew steel &am &d at center of
rotatbn and vibrating in s?oond mode at vsrioas speeds of rot8tIom
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from enlargements of these photographs and the data are
plotted in figure 8. The only change in these curves resndt-
ing from an increase in speed of rotation is a decreaae in
relative antinode amplitude.

The experiment. was then repeated with the beam enclosed
in the transparent plastic box to elinjnate any effects of
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(a) R0tatfom31spee~ 1015rpm.
(b) Rotational speed, 630rpm,

(o) Rotational speed, Orpm.

FIIIUBE&—Experlmentat deflection comes of uniform cantlle~or SWO1beam fixed at e.enter
of rotrbtfonand vibrattng in aocund mcde whtle rotattrrgat varfarrssweds.

rotational aerodynamic damping. When the results of
measurements made from enlargements of the photographs
shown in figure 9 were plotted, the deflection curves were
the same as those obtained with the unenclosed beam. “It”
waa therefore concluded that the efTect of rotational aerod-
ynamic damping could be neglected in the experiments.

Experimental vibratory stress-distribution curves for the
uniform cantilever steel beam were obtained from the second

FICWEECL-Stroboacopio photqraphs of uniform csntfkcrsteel beam enelmed In tmru-
parent plastla box fixed rd antes ofmtattonand vfbratbig tn sccorrd mode at varloua
Sgwedsof rotation.
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(a) Rotatlone.1 9PM, 1015rpm.
(b) Rotational spmd, s36 rpm.

(c) Rotntlonal speed, Orpm.

derivative of the deflection curves shown in figure 8. These \ FIGCBE10.–vfbmtorystress.dfatrlbuttoncuvcsofurdformcantftewrrSUM beam tlxcd At

stressdistribution curves, together with strain-gage readings,
I
renterofrotation and vibrathg in second modo while rotating at vortous spwde. StIW

are shown in figure 10.
wvw drwnfrom scmnd derIvaffve of exparfrmntal dctlectfon crmw of Mum S.
Experimental Wints obtatned fmm strain-gage readlmgs.
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An accurate check of second-mode resonant frequency at
various speeds of rotation was made. The frequency was
assumed to vary with speed according to the formula
(dexhred from the formula given in reference 5).

f=~f:+m 2

where

f resonant frequency, cycles per second

fo resonant frequency at O rpm, cycles per second

K constant

Q angular velocity of beam, revolutions per second

The value of the constant K for second mode obtained horn
experimental data was 6.55 as compared with an approximate
vaIue of 6 given in reference 5. A comparison of curves
obtained by using these two constants is presented in
&ure 11.

FIOCEE11.—Variathn of seeand-rnde natti frequemey with rot8tIonsI speed for rnrlform
eantllewr stetl Man& ?46 tieh deep, 1 inch a- and lWf6 inches Iong with Osed fmd
at center 0[ rotation.

~ order to eliminate my coincidence involving the material
constants or dimensions, a brass beam of difkrent length and
cross section was used in the second part of the experiment.
Stroboscopic photographs of this beam are presented in
6gure 12. Deflection measurements made from erJarge-
ments of figure 12 are plotted in figure 13 and can be com-
pared with the deflection curves of the uniform cantikver
steel b earn shown in figure 8. The identical nature of the

two sets of deflection curves for the uniform cantilever brass
and steel beams eIiiinated any necessity for a strw anaIysis
of the braes beam. From these data, it is evident that the

(a) RotstIond speed, 899rpm; frequeney, 53.2 cycles per seeond.
(b) Rotatiomlspeed, 526rpm; frequency, #d CYCIeeper second.
(o) Rotational speed, Orpm: ilequency, 4!2.5cycles per seecmd.

FIGUYJ lZ.-Strobnsenp1c photographs of rmlfrmn eantfkwr brass h+arn tlxed at canter of
rotation and tibrat ing !n second mode at varforMspeeds of mtstiom

(a) Rotational speeQ 9!?3rpm
(%) Rotationo18pe@ 52Srpm.

(c) ROtatiOImls- o rpm.

Fmmuzk3.-Experfmenta! deflection eumes ot rmffrcm cantilever bmss besm fixed et center
Ofmte.tforlend vlbratfon in SeCOIldmOdeW~ rdat~Stv%l’fou9S@S.
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(8) Rotatlonsd speed, 1010rpm: frequeney, 86.7 cycles per second.
(b) Rotational spmd, 50Srprn fraciuenoy, 81.7OYCISSper aecnnd.

(o) Rotational sp?cd, Orpm; frequency, S3cycles pm sewmd.

Fmwrm 14.-Stmbmcopic photographs of tnpxad cantilever steel benm flxcd at writer of
mtotion and vfbmtfng in secwrrdmode at VSJ1OUSspeeds of rotation.
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FJGVBE M.—Experhnentaldotleetfon curves of tapered oentllever stcei berm tied at oenter
of rotation and vibrating in semnd mode while rotating at vwioue sf)eeds.

pLysical constants of the material or the dimensions have. no
eflect on the elastic curve of a \tibrating @form cantilever
beam. This conclusion is valid for both stationary and ro-
tating beams.

Deflection curves for the tapmed cantilever steeI beam were

obtained, as in the previous expwimcmts, from thr photo-
graphs s@vn in figt~e 14 and are presented in figure 15.
The relation between antinode rind tip deflection is con-
siderably changed from the uniform-cantilever-beam relation
but the node occurs at tbe same pla.m, tha~ is, 78 pcrccnt of
the length from the fixed encl. The same tendency in
ant inode deflection compared with tip deflection occurs with
increased angular velocity, as in the case of the uniform
cantilever beam; that is, the antinode Ioop lmxunes smallm
in relation to tip amplitude with increase in angulnr vclority
of the beam. S~ress distribution at a rotatiomd sped of
O rpm was obtained from the second dmivativc of Lhc deflec-
tion curve (fig. 15 (c)) and is p~ottwl in figure 16 with the
experimental points obtained from strain gages.

o. ?0 20 m 40 60 60 70 80 90 im
Digknce from fixed ar@ pero&If.. .

FIGURE 16.-ComparIwn of atrme distribution along Laperrd cantilever atcel lmun and
hollow steel propeller blade. Skeee curve drawn from second dcrIvatIva of cxprrImcnLal
defleetbm iir.rw (fig. 15 (c)) of tapered centllerm atcd bmm. Exlwrtmrntal Palnls
ol@ned f?o~ strain-ge-gereadings.

The tapered cantikvcr steel beam used in this cxpwiment.
vms so chosen as to represent n typical variation in cross-
sectiors moment of inertia. along a proprllm Wale. Ill mdw-
to deter-@ne the _degree of approximation of the taprrml
beam tQ, a propeller bIa(le, strain-gage mmsurmm!uts were
made along the maximum camber line of a hollow s&d
propelle~ “blade vibrating in second mode. Thusc stress
measurements are plotted in figure 16 togclher -with the
stress dfi~ribution “of the tapered cant.iIever stcc’1I.mim. ._

DISCUSSION

A comparison of the w.rvcs prcscntcd ill fignrr 17, bawl on

experimental and cahwlated results, indiwi tcs that tho intro-
duction of centrifugal force has no effwt on the maximum
dynamic-stress locations b a vibrating cantikwcr hmm ~xc(l
at the center of rotation within tlw investigakd spcod range.
The general sl~apc of thti defkctiot] cgiwe, @ particular lhc
location of node positions, is aIso unaffected by rotation
although relative amplit [ides vary; that is, tlw amplit uric of.-
antinode loops relative to tip atnplitudc decreases with
increasing rotational speed. Bccausc node and maximun~-
dynamic-st.ress Lacations are inl”arianti. static-bw~dillg-
vibration surveys of beams that will be subscqucntlysubj cctd
to vibratory forces in a centrifugal-force field will locate critical
areas for strnin-gage location in rotary testing. This
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FIGUWJ 17.—ComporIson of theoretksl and experimental cumes showing second-nde
dedeetlcms of unfform cantilever beem for two rotaths.

procedure will decrease the possibility of misleading data
because of improperly located strain gages.

CONCLUSIONS

Two important conclusions may be dram-n on the basis of
t-he study of beams vibrating in a centrifugal-force field:

1. hTode positiona and maximum-vibratory-stress locat ions
are unaffected by centrifugal force within the @estigated
speed range in a cantilever beam fi..ed at the center of rota-
tion and tibrating in bending modes.

2. Static-vibration surveys of propeIIer blades and similar
rotating parts may be utilized to predict the maximum
vibratory-stress positions in such blades under operating
conditions.

.

AIRCRA~ ENGINE RESEARCH LABORATORY,

i-N~ATIONAL ADVISORY COMWTTEE FOR AERON. U%ICSj —

CLEVELAND, OHIO, September 18, 1916.
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